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ABSTRACT
The frame-transformation theory of e lectron scattering from 
molecules is c r i t i c a l l y  examined near the l im i ts  of i t s  range of 
a p p l ic a b i l i t y  and the s e n s it iv i t ie s  of the ro ta tiona l and v ib ra t iona l 
cross sections on the transformation radius are q u a n t ita t ive ly  
investigated. To p a r t ia l l y  correct fo r  the breakdown of th is  theory 
near exc ita t ion  thresholds, an energy-modified approximation is 
introduced.
( I )  INTRODUCTION
In studying electron-moiecule col 1 is ions^ one is  p r im a r i ly
interested in ca lcu la ting  the electron impact to ta l  cross sections and
the cross sections fo r  v ib ra t iona l and/or ro ta t iona l t ra n s it io n s  in the
molecule. T ra d it io n a l ly ,  ca lcu la tions have been performed e ither in the
space fixed frame of reference (lab-frame) fo llow ing  the well known
formulation of the ro ta t iona l close-coupling theory of Arthurs and
Dalgarno^, or in the frame of reference fixed  on the molecule (body-
frame), based on the ad iabatic-nucle i theory of Chase^. The Arthurs and
Dalgarno formulation allows one, in p r in c ip le ,  to ca lcu la te  the cross
sections as accurately as desired. But, the e x p l ic i t  inclusion of the
energe tica lly  accessible ro ta tiona l and v ib ra t iona l states in the close-
coupling expansion makes the ca lcu la tions in tra c tab le  very qu ick ly ,
except fo r  simple systems l ik e  H2 . On the other hand, ca lcu la tions
involv ing the ad iabatic-nucle i approximation, even though much more
4 fitrac tab le  because they are based on a fixed-nuc le i treatment^-0 of the 
problem, must and do f a i l  under certa in  conditions. From a c lassica l 
point of view, th is  fa i lu re  should occur whenever the c o l l is io n  time,
i .e .  the time required fo r  the electron to cross the in te rac t ion  region,
1 p
is  comparable to  or exceeds the periods of nuclear ro ta t ion  (~10“ J-‘: 
sec)* or v ib ra t ion  (~10- -*-4 sec). Circumstances such as incident 
energies near exc ita t ion  thresholds, dominance of strong long-range 
in te ractions and existence of resonances resu lt in such conditions. 
This breakdown of the adiabatic-nucle i theory is inherently  involved in 
the physical v a l id i t y  of the Born-Oppenheimer approximation^, which is 
based on the argument that the electrons in a molecule move very rap id ly
1
2
compared with the motion of the much heavier nucle i. This argument is 
fu r the r  extended by the assumption that the electrons fo llow  the motion 
of the nuclei ad iaba tica l ly ,  producing an e ffe c t ive  po tentia l f ie ld  in 
which the nuclei themselves move, thus providing fo r  the separation of 
the e lec tron ic  and nuclear coordinate wave functions. The v a l id i t y  of 
th is  approximation however, is not always a predetermined fa c t ,  
p a r t ic u la r ly  in the core region of the molecule, where a trapping of the 
incident electron in the noncentral molecular f ie ld  by a combination of 
p o la r iza t ion , exchange, s ta t i c - f ie ld  and c e n tr i fu g a l-b a r r ie r  e ffects  may 
enhance the c o l l is io n  time.
An a ttra c t ive  a lte rna t ive  to the lab-frame close-coupling and the 
ad iabatic-nucle i theories is presented by the Chang and Fano frame- 
transformation (FT) theory^. Notwithstanding the above mentioned 
de fic ienc ies , th is  approach takes advantage of (1) the q u a l i ta t ive  
d ifference in the electron-molecule in te rac t ion  when the electron is in 
d i f fe re n t  ranges, close to or fa r  from the molecule, and.(2) the p a r t ia l  
a d ia b a t ic ity  of the nuclear motion with respect to  the p ro je c t i le  motion 
in these ranges. I t  has long been recognized that the lab-frame and the 
body-frame representations are d i f fe re n t ly  suited fo r  these d if fe re n t 
ranges. At short distances from the molecule fo r  instance, because of 
the strong a t t ra c t ive  e le c t ro s ta t ic  in te rac t ions , the electron 
experiences a strong Coulomb acceleration and achieves a high ve lo c ity  
approximately independent of the nuclear motion, thus ju s t i f y in g  the 
application of the Born-Oppenheimer approximation and making the body- 
frame representation more appropriate than the lab-frame. At the same 
time, these same in te ractions tend to couple strongly the angular 
momentum, 1, of the scattered e lectron, to the internuclear
3
axis, ft, thus requ ir ing  the coupling of a very large number of
ro ta t iona l states in sp ite  of the fac t tha t the nuclear k in e t ic  energy
terms have small contributions re la t iv e  to  the e le c t ro s ta t ic
in te rac t ions . The p ractica l necessity of truncating the expansion thus 
makes the lab-frame representation less appropriate. Conversely, at
large distances from the molecule, where the e le c t ro s ta t ic  in te ract ion
is nearly central and re la t iv e ly  weak, the e ffec ts  of the truncation are 
not as severe, and the inclusion of the re la t iv e ly  larger and phys ica lly  
more meaningful e ffec ts  of the v ib ra t iona l and/or ro ta t iona l 
Hamiltonians makes the lab-frame the more appropriate one.
A lte rna t ive  representations bas ica lly  use d if fe re n t  basis sets over 
which one expands the wave functions. The lab-frame representation
u t i l iz e s  a set of basis channels labeled by the ro ta tiona l and 
v ib ra t iona l quantum numbers, j  and v, of the molecule, and by the
o rb ita l  angular momentum quantum number, l ,  of the scattered e lectron.
The body-frame representation u t i l i z e s  the o rb ita l  quantum
number, H, the internuclear axis, R, and the pro jection  of the to ta l
o rb ita l  angular momentum on the internuclear axis, A = |3 . f t | ,  which is a 
constant of the motion in the case of diatomic molecules to which we 
d irec t our a ttention.
In i t s  simple elegance, the FT theory incorporates the best 
features of the body-frame and the lab-frame representations by
p a r t i t io n in g  the electron configuration space in to  regions which are
best described by each of these representations. The power of th is  
theory becomes more obvious when one realizes that i t  provides fo r  the 
additional f ixed-nuc le i approximation in the inner region. The e x p l ic i t  
neglect of the nuclear k ine t ic  energy provided by the f ixed-nuc le i
4
approximation a lte rs  the physics of the problem, and, consequently, i t  
changes the FT approach from a merely geometrical ro ta t iona l 
transformation in to  the transformation of a f ixed-nuc le i theory to a 
dynamic-nuclei theory^. Hence, in a broad sense, the FT approach should 
be understood as a f ixed-nuc le i treatment in the inner region, close to 
the molecule, then, a carrying of the information to the lab-frame by a 
transformation at a 'su ita b le ' po in t, and f i n a l l y ,  the propagation of 
the solutions to the scattering equations in to  the asymptotic region, 
where the lab-frame reactance matrix is obtained. The connection at the 
transformation radius, r t , is achieved by a un itary  transformation from 
one basis set to  the other. Contrary to  the Chang and Fano 
p rescr ip t ion , we consider a common transformation point fo r  our 
inves t iga t ive  purposes, fo r  both ro ta t iona l and v ib ra t iona l 
transformations, and extend the potentia l region a l l  the way to the 
o r ig in .  (See Fig. 1). In the l im i ts  of r^.* o and r -̂*- °°, the lab-frame 
close-coupling and the adiabatic-nucle i approximations are obtained.
In th is  d isse rta t ion  we describe the application of the FT theory 
w ith in  the s p i r i t  of the energy-modified adiabatic approximation^, to 
determine the ro -v ib ra t io na l exc ita t ion  cross sections of H2  molecules 
by electron impact, and to investigate  q u a n t i ta t iv e ly  the s e n s i t iv i ty  of 
these cross sections on the energy and on the transformation radius. To 
achieve these goals, i t  is imperative tha t one uses a consistent 
potentia l in both the inner and the outer regions of the electron 
configuration space. With th is  in mind, and to  enable us to push the 
transformation radius in to  the molecular core without the complication 
of non-local e ffe c ts ,  an approximate and local Hara free-e lectron-gas 
exchange p o te n t ia l ^  is included in the in te rac t ion  p o te n t ia l ,  together
5
with the s ta t ic  and the po la riza tion  parts.
In section I I  we give a b r ie f  review of the essential formulas and 
elements of the FT theory. Section I I I  includes the e-H2  po ten tia ls  fo r  
certa in  in ternuclear separations. In the case of v ib ra t iona l 
transformation, one of the main properties to be considered apart from 
the incident energy of the e lectron, is  the dependence of the 
in te rac t ion  potentia l on the in ternuclear separation. For i f  th is  
dependence at a certa in  value of r  becomes f a i r l y  weak, then one does 
not need to continue performing fixed-nuc le i ca lcu la tions fo r  d i f fe re n t  
in ternuclear separations fo r  obvious reasons. Instead i t  is appropriate 
to  transform to the lab-frame and continue the ca lcu la tions in a 
dynamic-nuclei approximation. Section IV includes a description of the 
computational methods involved and some d e ta ils  about the present 
implementation of the FT theory. Results fo r  e la s t ic  and in e la s t ic  
ro ta t iona l and v ib ra t iona l cross sections, as well as comparisons with 
our benchmark lab-frame close coupling values, are presented in section 
V, and a few concluding remarks are made in section VI.
Throughout th is  work, c r i t i c a l  and noncr it ica l approximations were 
made and certa in  methods instead of others were chosen with a basic 
premise in mind: th a t ,  eventually, one contemplates applying th is
formalism to ca lcu la tions involving larger molecules. Even though some 
approximations, such as the free-e lec tron  gas exchange approximation, 
might not be ideal fo r  H2  molecules, or some methods, l ik e  the s ing le ­
center expansion of the wave functions, might not always be the best 
approach fo r  diatomic molecules, in evaluating the a p p l ic a b i l i t y  or the 
wisdom of these choices one should have that basic premise in mind.
( I I )  THEORY
A. Lab-Frame Formulation
We consider electrons incident in the d irec t ion  of the z-axis of 
the space fixed  frame of reference, as i l lu s t ra te d  in Fig. 2, with 
energies below the e lectron ic  exc ita t ion  threshold, and a molecule which 
is a complicated ro ta ting  and v ib ra t ing  system capable of changes in i t s  
ro ta t iona l and v ib ra t iona l states (Fig. 3). In atomic u n i t s ^ ,  the 
Hamiltonian of the electron-molecule system may be represented by an
e ffe c t ive  one-electron Hamiltonian
H = " 7 V> + HR *  + Hv W  + Vi n t (^  f 2- 1)r
where r  and ft re fe r  to  the incident e lectron and nuclear coordinates, 
respective ly . Hr and Hv are the ro ta tiona l and v ib ra t iona l Hamiltonians 
of the molecule, sa t is fy ing  the fo llow ing  eigenvalue equations:
[ ¥ « >  -  Ej )  V ( 5 ) " °  <2-2>
J
and
d v r ) - xv(R) = 0 (2-3>
The eigenfunctions of the ro ta tiona l Hamiltonian are the spherical
A
harmonics Yjm.(R) instead of the more general "symmetric top" ro ta tiona l 
13 Jfunctions as a consequence of the choice of the z-axis as the incident 
axis, and the eigenvalues, given in terms of the ro ta tiona l constant B 
of the molecule, are
6
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Ej = B j ( j + l )  (2.4)
and xv represents the eigenfunctions of the v ib ra t iona l Hamiltonian with 
eigenvalues given, in the harmonic approximation and in terms of the 
v ib ra t iona l constant, to, by
Ev = w(v + y )  (2.5)
Note that we have neglected the ro ta t iona l stre tch ing of the molecule 
and ignored the j  dependence of the v ib ra t iona l wave fu n c t io n s ^ .
In equation (2. ^ in t^  r,fr) represents the e f fe c t ive  one-electron 
in te rac t ion  po ten tia l which has been averaged over the e lec tron ic  
coordinates of the molecule, with the molecule in i t s  
ground 1 £* s ta te . The in te rac t ion  po ten tia l contains the d irec t 
e le c t ro s ta t ic  and an approximate local exchange p o te n t ia l ,  as well as an 
e ffe c t ive  adiabatic po la r iza t ion  p o ten t ia l:
vi n t < T * )  " Vs t (?.&) + Vex(?,if) + Vpol (?,i?) (2.6)
In a Legendre multipo le  expanded form
Vi n t ( r , i t )  = Z VA(r;R) Px (r.R) (2.7a)
more s p e c i f ic a l ly
Vi n t ( r , i t )  = Z [ v f ( r ; R )  + v f ( r ; R )  + vPo l ( r ;R ) ]  Px (r.R) (2.7b) 
X
8
where the sum over X is  re s tr ic te d  to even values in the case of 
homonuclear molecules. Since the to ta l wave function of the e lectron- 
molecule system is always a doublet spin state and the target remains in 
a s ing le t s ta te , we may completely disregard spin coupling as long as we 
properly account fo r  exchange as part of the p o te n t ia l .  In addition, 
the to ta l  angular momentum 3= j+ I is a c o l l is io n  constant. Hence, in the 
lab-frame formulation, and w ith in  the s p i r i t  of the Born-Oppenheimer 
approximation, we may represent the to ta l wave function fo r  the system 
by the expansion
= L r " l p p ^  $p ( r ’ ^  ( 2-8 )
The summation over p denotes a summation over the £ , j  and v values, with 
p representing the channel parameters, p = (£jv;JM), and $p representing 
the lab-frame channel functions
*p (r , i t )  = * y ( r ,R )  xv (R) (2.9a)
where the channel ro ta t iona l functions are given by
$L (r,R) = £ C (j*J ; m m )  Y ( r )  Y (R) (2.9b)
m„m, J ""Jt JtT1j
*  J
with C(j£J;m.m„) being the fa m i l ia r  Clebsch-Gordon coefficients-*-2. The 
J x-
radia l functions of the scattering e lectron, ( r ) s can be shown to 
s a t is fy  an i n f in i t e  set of coupled equations
9
where the second index p' has been appended to designate a p a rt icu la r
l in e a r ly  independent so lu t ion , and where the channel energies in
2
Rydbergs, k , are given by
r
k2 = 2[E - Ev- E j]  (2.11)
with E representing the energy eigenvalue of the electron-molecule
system Hamiltonian (2.1) and the corresponding eigenfunction (2 .8 ). The 
potentia l matrix elements are most conveniently evaluated in terms of
the expansion co e ff ic ien ts  v^(r;R) of the multipo le  expansion of the 
in te rac t ion  potentia l
<p '|V i n t ( r , i? ) |p ” > = Z f J ; ( j ' r , j " f ; J )  <xv , |Vx(r;R) |xv„> (2.12)
A
p
with the angular coupling co e ff ic ien ts  given by
i i i/o
q ( j , A, , j ,,A,,,0) =A~[?x+r)----  (2r+1) (2j"+l)(2£“+l)] /2
*C (A 'rA ;0 0 ) C(j 1 j"A ;00) W (j,A, , j " A " ; jA )
(2.13)
where W (j1 , j"£ " ;JA )  is a Racah c o e f f i c ie n t ^ .  The coupled equations 
(2.10) w i l l  s p l i t  up in to  two d if fe re n t  sets, according to  the p a r ity  
of n = (-1) fo r  a spec if ic  value of J, and are to be solved subject 
to the fo llow ing  boundary conditions:
10
Fp.p fSS [s in (k pr  - V tt/2) Splp + cos(kpr-A 'ir /2 )  K^lp ] ,  kp>o
(2.14)
Cexp(-|kpr | ) ] .  kp < o
The lab-frame reactance K-matrix is  re lated to the transmission T-matrix 
by
TL = 2i KL(1 - i K1 ) " 1 (2.15)
where 1 is  the un it matrix. The d i f fe re n t ia l  cross sections fo r  the
(v j )  to  (v 1 j 1) t ra n s it io n s  are then obtained from the T-matrix
elements. A fte r averaging over a ll  mj and summing over m ji,  one gets
j  * ” j
4 k  ( v j + v ' j ' )  = z A, P (cos 0) (2.16a)
4 (2 j+ l)  ky. X A A
’ J
2and fo r  the in tegra l cross sections we have ( in  TraQ un its )
» ( v J * v T ) ---> ----- L - j r -  J (2J+1) | tJ:, J2 (2.16b)
(2J+1) k‘ j  OH' p p
where l  and £' take on a l l  values consistent with j , j '  and J.
O
The A^ co e ff ic ien ts  are given by Arthurs and Dalgarno ,
CO 00
Aa = Z Z Z Z Z[A1J1£2J2 ; jX ]  Z L ^ J ^ O g j j 'A ]
o J2~o ^1^2 ^2
J2
T^ j ,v ' ;A 1jv  • T^ j V ; £ 2jv  (2*17a)
11
where we have e x p l i c i t l y  replaced p and p1, and where
Z[abcd;ef] = (-1) 1/2 ( f " a+c)[ (2 a + l) (2 b + l) (2 c+ l) (2 d + l) ]  1/2
C(acf;oo) W(abcd;ef) (2.17b)
The summations over and are over a l l  values consistent with
B. Body-Frame Formulation
The body-frame coordinate system is most convenient when i t s  z-axis 
is chosen along the internuclear axis of the molecule, as shown in Fig.
2. In th is  representation, the to ta l wave function of the system is 
expanded in terms of constants of the motion A and R
the t r iangu la r  re la t ions of angular momenta
addi t ion-*-3 A ( j J ^ ) ,  A t j J , ^ ) ,  A ( j ' J , ^ )  and A (j  ' ^ ), respect ively.
( 2 . 18 )
where the prime on r '  indicates body-frame electron coordinates, q
g
represents the channel parameters, q = (£A;JM), and the body-frame
channel functions
* q ( r ' , R )  =  [■
2J+1
(2.19)
Constructed in th is  form, these functions are eigenvalues of the p a r ity
g
operator also. The rad ia l scattering functions, F^(r;R ), now are
12
parametrica lly  dependent on the in ternuclear separations, and the 
coupled equations analogous to equation (2.10) are
^  + kbJ Fq 'q^r ;R  ̂ = 2 <q' I Vin t ^ r ' l q,l> Fq"q^r ;R  ̂ 6A"A
+ 2 SB<q'| HR(R)|q-> F*Ilq(r;R) 6 ^
+ 2 Z H (R) xv (R) /  dR* F° ( r ;R ')  xv (R*)
v o H H
( 2 . 2 0 )
2with the channel energies in Rydbergs, kb, given by
k2 = 2E (2.21)
Here, we have introduced the 6-functions e x p l i c i t l y ,  to emphasize that 
the equations are in te r l in ked  in A and Z by separate terms. The 
potentia l matrix elements are evaluated at d i f fe re n t  internuclear 
separations in terms of the expansion co e ff ic ien ts  V^(r;R) of the 
multipole expansion of vi n t ( r ' , i t )
<q11 V.j nt ( r 1 ,ft) | q"> = E f j ( r  A ' , f 'A " )  VA(r;R) (2.22)
A
with the angular coupling coe ff ic ien ts  given by
f  A( A 1, A") = ( -1 )A‘ p j - ) ]  /? c ( £' A"A;-A1 A") C(A'Jl"X;oo)
(2.23)
13
Again, the coupled equations (2.20) are to  be solved subject to the
boundary conditions:
Fq ' q ( r ; R> r l o  0
F®,q (r;R ) r ; „  [s in (k br  -  t ' i / 2 )  sq ,q + cos(kbr  -  t '» /2 )  K®.q (R)]
(2.24)
To obtain the cross sections, the body-frame K-matrices are f i r s t  
transformed to  the lab-frame K-matrices, and the same procedure as in
the case of the lab-frame ca lcu la tions is followed.
The body-frame equations as they appear in (2.20) are more 
d i f f i c u l t  to solve than the lab-frame equations because of the presence 
of the terms invo lv ing and Hv . These nuclear terms give r ise  to 
couplings of d i f fe re n t  A 's, and, to couplings of Born-Oppenheimer states 
with d i f fe re n t  in ternuc lear separations, which introduce in the 
solutions a non-local e ffec t with respect to R. However, in the inner
region of the configuration space, close to  the molecule, due to the
strong a t t ra c t iv e  in te rac t ion  of the electron with the nuclei and due to 
the smallness of the ro ta tiona l and v ib ra t iona l constants, these same 
two terms become neg lig ib le  compared to the in te rac t ion  p o te n t ia l .  The 
neglect of the la s t  two terms in the body-frame coupled equations (2.20) 
then, amounts to a fixed-nuc le i approximation, and i t  should have very 
l i t t l e  or no e ffec t on the so lu t ions, at least in the inner region, i f  
the FT theory is to be va l id .  In comparison to  the lab-frame 
formulation, what one ac tua lly  is  neglecting is the p o s s ib i l i t y  of 
d i f fe re n t  p a r t i t io n s  of the to ta l energy between the incident electron 
and the molecular ro ta t ion  and v ib ra t io n . Whether th is  is proper depends
14
on how large the k in e t ic  energy of the incident electron is compared to 
the average energy level spacing of the target molecule. C learly, in 
the case of near-threshold energies, th is  approximation w i l l  cause a 
breakdown of the theory.
C. Frame-Transformation Formulation
The difference in the lab-frame and body-frame formulations arises 
from the use of d i f fe re n t  truncated sets of channel functions, and in 
the absence of the f ixed -nuc le i approximation, the two approaches would 
be form ally  equivalent i f  converged truncated sets are used. The 
connection between these two representations is  achieved at the 
transformation point by a simple geometric ro ta t iona l transformation of 
eigenfunctions of A to  those of j .  However, in the case of ca lculations 
invo lv ing v ib ra t iona l exc ita t ion  cross sections with the application of 
the f ixed-nuc le i approximation in the inner region, one has to develop a 
number of l in e a r ly  independent f ixed-nuc le i body-frame radia l solutions 
to the scattering equations at a s u f f ic ie n t  number of internuclear 
separations R, so tha t the v ib ra t iona l transformation of these 
functions, parametric in R, to  the eigenfunctions of v can be 
performed. As shown by Chang and Fano, the ro ta tiona l functions are 
related by an orthogonal transformation matrix U




where the t i l d e  denotes the transpose matrix. On the other hand, the 
rad ia l sca tte ring  functions are related by
F q (r ;R) = z Fp (r) Xy(R) (2.26a)
V J
and conversely
Fp(r) = s /  dR Fp(r,R) xv (R) (2.26b)
I t  can also be shown tha t equation (2.10) transforms in to  equation
(2.20) a f te r  using equations (2.25b) and (2.26b) and the fo llow ing  
closure re la t io n s :
E °A jJn) Uj A 'Tl) = 6AA1 (2.27a)
2 XV(R) XV(RI) = 5(R- RI) (2.27b)
The elements of the ro ta tiona l transformation matrix which rotates the 
lab-frame axis in to  the body-frame are
“ u 0" 1'  ( f F r ) 1/2 C(«.jJ;A0) 1* ’l(1- )J l~ L  (2.28)
3 ^  C2( l+ e A0) ]  /2
The exact expression fo r  the f u l l  transformation, with the K-matrix 
as the transformation observable, fo llows from the above, and is  given 
byl«
U ' j V . t J v  =a 5 '  I dR d R ' XV . ( R ' )  d ) ? v nM ' A ' , A A ( R* R ' ) ° ' i 5 J ’l ) x v ( R)
(2.29)
where we have e x p l i c i t l y  replaced p's and q's fo r  c la r i t y .  The physical 
approximations discussed e a r l ie r ,  imply that the body-frame K-matrices 
are approximately local in R, and block diagonal in A, i .e .
(2.30)
which reduces the transformation (2.29) to  the simpler form
(2.31)
or, in matrix form,
KL = U < v '  | K B ( R )  | v >  U " 1 (2.32)
The id e n t i f ic a t io n  of the proper point where th is  transformation is 
to be applied, has always been elusive. As long as the ind iv idua l 
commutators of the molecular ro ta t io n a l,  HR, and v ib ra t io n a l,  Hv, 
Hamiltonians with the in te rac t ion  p o te n t ia l ,  are small, one can
assume the nuclei to  be fixed  in the sense of the Born-Oppenheimer 
apporoximation, and perform the ca lcu la tions w ith in  the body-frame 
formulation. However, i f  the transformation radius becomes so large 
that these conditions are not s a t is f ie d ,  one has to change to the 
dynamic-nuclei theory w ith in  the lab-frame form ula tion, to properly 
account fo r  the p a r t i t io n  of the to ta l  energy between the incident 
e lectron and the molecular ro ta t ion  and v ib ra t io n . Chang and Fano 
suggest the phase kVJ-r of the free e lec tron 's  wave function as an index 
of the importance of th is  p a r t i t io n ,  and propose the application of the
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transformation at the point r ^ where the dependence of the wave function 
on kVJ-r and that of kVJ-r on j  and v are no longer ne g lig ib le . In 
addition to Chang and Fano'7 and Chandra^, there are ample e xam p les^"^  
in the l i te ra tu re  where several authors have taken up th is  point and 
discussed i t  q u a l i ta t iv e ly ,  but as of yet, to our knowledge, there are 
no published resu lts  investiga ting  th is  problem q u a n t ita t ive ly  fo r  
v ib ra t iona l tra n s it io n s .
D. Energy-Modified Approximation
The common defic iency in a l l  the applications of the adiabatic- 
nuclei approximation and the formulations of the FT theory in the near­
threshold energy regime can be traced to the f ixed-nuc le i approximation 
in the inner region. There, because of the assumed degeneracy of the 
nuclear ta rget states, the body-frame energy, k^, is i l l - d e f in e d  ( fo r
transformation purposes) with respect to  the well-defined channel 
2
energies, kyj ,  of the lab-frame formulation. In conventional
ad iabatic-nucle i approximation fo r  incident energies well above
threshold, i t  is natural to id e n t i fy  the body-frame energy with the
energy of the i n i t i a l  target state k . , fo r  the (v0j 0) to  (v j)
oJo
e xc ita t io n . Close to  threshold energies however, th is  id e n t i f ic a t io n  
leads to cross sections which do not vanish, as they should, when kvj  
tends to zero. The correct threshold behavior is  then generally 
incorporated by the ad hoc introduction of the kinematic correction 
fac to r  kvj / k v j  . The la t te r  correction fac to r is  not required i f ,  as
oi 2 2
proposed by Chang and Temkin , one id e n t i f ie s  k, with k ., because,U V J
th is  id e n t i f ic a t io n  w i l l  automatically provide the correct threshold 
behavior fo r  the same exc ita t ion  cross section. However, i t  w i l l  also
adversely a ffec t the other cross sections. So, regardless of how one
2
chooses k^, the s t r i c t  id e n t i f ic a t io n  of the body-frame energy with any 
of the lab-frame channel energies w i l l  introduce a certa in  amount of 
ambiguity in the evaluation of the near-threshold cross-sections. This 
ambiguity, a consequence of the degeneracy of the nuclear target states, 
is s im i la r ly  a consequence of the independence of the transformed K- 
matrix elements on kvj .  The body-frame K-matrix elements do not posses 
the correct threshold behavior*^. Their behavior is governed by the
-mx
long-range multipole potentia l of the form r  Px(cos 9), since the long 
wavelength of a near-threshold energy electron explores only the long- 
range po ten t ia ls .  The threshold behavior of such a po tentia l follows 
from the F irst-Born Approximation^’ ^
r  2
K«  *  k~»o kb (2' 33)o b
Hence, in the case of nonpolar homonuclear molecules, the dominant 
(longest-range) quadrupole in te raction  term, with = 3, y ie lds
KU  A k~-0 kb <2-34>o b
Whereas the lab-frame K-matrix elements have ana ly t ic  threshold 
behaviors which, fo r  an o rb ita l  angular momentum £, are given b y ^
K*- ~ + ^2 (2 35)
^ > V o vo V 0  ̂ ]
To minimize the e ffe c t  of the above mentioned ambiguity, and to 
p a r t ia l l y  account fo r  the threshold behaviour of the transformed K-
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matrix elements, we construct the transformed K-matrix with each of i t s  
manifolds evaluated at the body-frame energy obtained from the geometric
Q
mean value of the i n i t i a l  and f in a l  state energies, namely
or
Eb = / eTE^ (2.36a)
kb = k . • kf  (2.36b)
Thus constructed, the transformed K-matrix w i l l  have major elements with 
the correct analy tic  threshold behaviour.
( I l l )  e -  H2 POTENTIALS
A. D irect E lectrostatic  Potential
We use the Hartree-Fock Fraga and Ransil2® wave functions to 
represent the ground state <t>0( r ^ , r 2;R) of the hydrogen molecule. The 
electron-molecule s ta t ic  in te ract ion  potentia l is
Ne=2
VsV , r , , r 2;fr) = I  * .... -  ( > -  + * ) (3.1)
1 2 i=l  |? -r , |  (r-ltfl) (r-ffg)
where the two nuclei A and B are separated by the distances | ^ |  and 
|$g| from the center of mass of the molecule, and the one-electron 
e ffe c t ive  s ta t ic  in te rac t ion  potentia l is
Vs t ( r , l f )  = <<f>o ( r 1 , r 2 ;^) | Vs t ( r , r l s r 2 ;£) | <f»0 ( r 1 , r ’2 ;^)> (3 .2 )
which can be expanded in terms of Legendre polynomials as
Vs t ( r , i t )  = E v f  (r;R) Px (r-R) (3.3)
X=even
In Fig. 4, the negative of the iso trop ic  and anisotropic parts of the 
expansion co e ff ic ien ts  of the s ta t ic  potentia l are p lo tted fo r  d i f fe re n t  
in ternuclear separations. The curves corresponding to  the ind iv idual 
internuclear separations have th e ir  cusps at r= 1/2 R. I t  can be c le a r ly  
seen that the coe ff ic ien ts  of the po ten tia ls  corresponding to the 
minimum and maximum values of the considered internuclear separations 
are the extrema, and that the dependence of the poten tia ls  on the 
internuclear separation R is quite weak fo r  values of r  > 2.0 aQ. Even
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though the anisotropic part of the po tentia l is  mostly responsible fo r  
the ro ta tiona l exc ita t ion  cross sections, i t  is the iso trop ic  part that 
contributes most to the average value of the po tentia l at any point r ,  
and therefore , i t s  dependence on the in ternuclear separation should give 
us a good estimate of the dependence of the average potentia l on R.
The v ib ra t iona l and ro ta tiona l terms dropped in the f ixed-nuc le i
approximation of the body-frame equations are respective ly  of the order 
of th e ir  corresponding ch a rc te r is t ic  constants to and B. The v ib ra t iona l 
constant to i t s e l f  is  about two orders of magnitude larger than B. This 
property provides fo r  the possible working hypothesis of applying the 
ro ta t iona l and v ib ra t iona l transformations at d i f fe re n t  points. 
However, we choose a single common point fo r  our inves t iga tive  
purposes. As mentioned e a r l ie r ,  the appropriate point to apply the 
v ib ra t iona l transformation is where the dependence of the potentia l on R 
becomes f a i r l y  weak. That is ,  i f  at a certa in  point r  the d ifference in 
the values of the po ten tia ls  fo r  d i f fe re n t  in ternuc lear separations R 
becomes of the order of to, then one can no longer ignore the v ib ra t iona l 
term of the body-frame equations with respect to  the in te rac t ion
po te n tia l .  Comparison of the expansion co e f f ic ie n ts ,  vQ, fo r  the 
smallest and largest values of R reveals tha t at r  = 2.0 a0 the 
d ifference is about to/2 and that at r  = 4.0 aQ i t  is only a few percent 
of to. Consequently, the matrix elements of the po tentia l off-d iagonal 
in ( v ,v ' )  w i l l  be neg lig ib le  in these ranges. This is observed in Fig.
5, where the v ib ra t io n a l ly  averaged values of the s ta t ic  expansion
co e ff ic ien ts  are p lo tted .
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B. Exchange Potential
The exchange con tr ibu tion  to  the po tentia l is  included through a
i n
local Hara free-e lectron-gas type approximation . This approximation 
tre a ts  a l l  the electrons occupying a volume, V, as noninteracting 
fermions, and replaces the spatia l o rb ita ls  of the bound electrons by 
plane waves. The to ta l  wave function is  then anti symmetrized in 
accordance with the Pauli exclusion p r in c ip le ,  the exchange in tegra l 
over V is  carried out, and a fte r  summing over a l l  momentum states up to 
the Fermi leve l,  the fo llow ing  exchange potentia l energy is obtained:
VFE6(?>jt) = - I  I 7 + T T 1"! } ( 3 ' 4)
where kp(r,ft) is given in terms of the charge density p by
kF ( r , i t )  = i > 2P( ? , £ ) ] 1/3 (3 .5 )
with 3=K/kp and the local momentum, k, defined as
<2( r )  = 2(E + I)  + kp(r,ft) (3.6)
In equation (3.6) E is the incident energy of the scattering electron
re la t iv e  to the ground state, and I is the ion iza tion  potentia l energy
of the ta rge t molecule. No e f fo r ts  were made to tune the value of I ,  as 
discussed by Morrison and C o l i n s 4̂ ,  so that the FEG static-exchange 
ca lcu la t ion  reproduces the exact static-exchange cross sections. To be 
consistent, the values of the ion iza tion  energies obtained from the wave 
functions are used.
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The e ffec t of th is  exchange potentia l is  most noticeable in the
inner region, as expected. I t  ju s t  deepens the s ta t ic  potentia l well a
l i t t l e ,  while keeping the basic shape the same. The dependence 
of K^(r) on the incident energy introduces a dependence of the potentia l 
on the incident energy and consequently, in an oblique way, a dependence 
of the transformation point i t s e l f  on E. A s im ila r  comparison, as
performed e a r l ie r ,  on the iso trop ic  parts of the expansion coe ff ic ien ts
of the s ta t ic  plus exchange po ten tia ls , at an incident energy of 3.5 eV,
reveals that the point at which the d ifference was about 1/2 ui has now 
moved out to r  = 2.5 aQ.
C. Po larization  Potential
OO
F in a l ly ,  to account fo r  the s ta t ic  approximation and the
d is to r t io n  of the molecular charge density in the f i e ld  of the incident
e lectron, we include an e ffe c t ive  adiabatic po la r iza t ion  po ten t ia l ,  that 
of Lane and H e n r y k .  j n th e ir  ca lcu la tions of the po la r iza tion
p o te n t ia l ,  Lane and Henry used a t r i a l  wave function of the form
^xz = Z Ca y ^ ’ ^  (xl + x2 ^ zl + z2 ^  ( 3*7^ay
in a Rayleigh-Ritz procedure to minimize the to ta l  energy of the s ta t ic  
e-Hg system with respect to the parameters C . The resu lt ing  minimum 
energy Em(r ,£ )  then yielded the po la r iza t ion  po tentia l from
VP° V , i ? )  = Em(r , i t )  -  Eq(R) -  <+0 |V ^ t |+0> (3.8)
p 4"
where E0(R) is the unperturbed ground state energy, and is the
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s ta t ic  in te rac t ion  p o te n t ia l .  The po la r iza t ion  po ten tia l thus obtained 
is given by
where aQ and are the iso trop ic  and anisotropic p o la r iz a b i l i t ie s  of 
the target molecule, and the parameters r^ , r a and r^ are 1.22, 0.1, 
1.7 and 2.0 aQ, respective ly . Even though the po la r iza t ion  poten tia ls  
used in our ca lcu la tions were properly scaled using p o la r iz a b i l i t ie s  
that are dependent on the internuclear separations, s t i l l ,  some error is 
introduced in using the above parameters fo r  a l l  in ternuclear 
separations, because these parameters were obtained from a ca lcu la tion  
at the equilib r ium  in ternuclear separation only. The scaling does not 
account fo r  the s tre tch ing of the po la r iza t ion  po tentia l with radial 
distance r  fo r  larger R.
with




( IV) METHOD OF SOLUTION
To obtain the s ta t ic  and exchange parts of the p o te n t ia l ,  we 
generate the molecular charge densities through a sing le-centre 
expansion^ of the two-centre Fraga and Ransil wave functions, fo r  a 
number of internuclear separations, and express i t  as
P(r , i t )  = E ax (r;R) Px (r.R) (4.1)
p v
The expansion co e ff ic ien ts  are then obtained from these
a . co e ff ic ien ts  through equations (3.4) and (3 .5). The s ta t ic  part of
A
the potentia l on the other hand, has components which arise from the 
e lectron-e lectron and electron-nuclear in te rac t ions :
VSV , i ? )  ■= v f  ( ? , l )  + (4.2)
Where ( in  case of H2 )
v f  (? ,* )  = - ----------^ r -  <4-3>" M AI M b|
with and frg representing the nuclear coordinates, |£| = |l?^| + |Ftg|. 
The e lectron-e lectron in te rac t ion  term is  also given in terms of the
molecular charge density
V * V . i t )  = I  P( r , , i t )  - ± r -  dr, (4.4)
Substitu tion of the charge density from equation (4.1) in to  equation
25
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Vf  <r ;R> = 2ITT l 0 aX<r P R> r^I+T r l ‘>rl  <4 ' 5>
where r< and r> stand fo r  the lesser or greater values of ( r , r ^ ) .
For the po la r iza t ion  part of the p o te n t ia l ,  the p o la r iz a b i l i t ie s  of 
the ind iv idua l in ternuclear separations are calculated from the 
functions given by Kolos and W o l n i e w i c z ^ .  Their v ib ra t io n a l ly  averaged 
values, together with the v ib ra t io n a l ly  averaged values of the 
quadrupole moments extracted from the Fraga and Ransil wave functions 
are given in Table I .  The v ib ra t iona l wave functions used in averaging 
these asymptotic factors are obtained from the solution of the adiabatic 
motions of the nuclei in the po tentia l of the bound molecular 
e le c t ro n s ^
.2
5-2 + 2y[E - E(R)] xv i (R) = 0 (4.6)
dR J VJ
where y is the reduced mass of the hydrogen molecule, and the e lectron ic  
potentia l energies E(R), shown in Fig. 3, are given by Kolos and 
W o l n i e w i c z ^ .  As mentioned e a r l ie r  the j-dependence of xvj  is  actua lly  
ignored.
Both, the lab-frame and body-frame coupled equations (2.10) and
(2.20) are solved in a non- ite ra tive  in tegra l equation method 
(NIEM)33. As shown by Smith and Henryk the computation may be 
fa c i l i ta te d  by dropping certa in normalization terms invo lv ing in tegra ls  
from 0+® when the equations are transformed to a Volterra  integral
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equation of the second k in d ^ .  In congruence with the Weatherford and 
Henryk formulation of the FT theory in the context of the NIEM, we 
fo l low  the Chang and Fano suggestion of matching the variab le  phase 
amplitudes at the transformation po in t, assuming tha t the channel 
Green's functions match. This approach is  an elegant and physical 
method, because i ts  basic equations are quite simple, and have a d irec t 
physical in te rp re ta t io n . I t  bas ica l ly  en ta ils  an expansion of the 
rad ia l solutions to the scattering equations on the basis of two 
independent solutions - -  spherical Bessel and Neumann functions - -
Fia.(r ;R ) = G ^ f k . r )  H<2 ) (r;R) - Gj2 ) (k . r )  H|JJ(r;R) (4.7)
with the additional re la t ionsh ip
F ! j ( r ;R )  = G ^ i k . r )  Hj2 ) (r;R) - G|2 ) (k . r )  H ^ ^ R )  (4.8)
and the associated asymptotic boundary condition
Fi j ( r ;R )  r ^00 [s in (k i r  - l . ir/2) Ai j(R ) + cos(ki r  - ^ n /2 )  B ^ R ) ]
(4.9)
Here, i and j  are used as channel indeces instead of p's and q's because 
the body-frame and lab-frame equations both have the same form.
G ^ ( k . r )  and G^2^(k^ r)  are the regular and i r re g u la r  parts of the 
appropriate Green's functions and are defined as real diagonal 
matrices^®
G ^ ( k i r )  = k ^ r  j £ ( k . r )
i
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ki  1/2 s in (k i r  - ^.ir/2) (4.10)
G ^ ( k i r)  = k.1/2 r  n^ { k . r )
(4.11)
where j £(x) and n^(x) are the spherical Bessel and Neumann functions. 
The A^j and B^- matrices are the asymptotic l im i ts  of the variable phase
The parametric dependence of the functions on the continous variab le  R, 
indicated by a semicolon, is not present in the case of the lab-frame 
so lu tions.
The r-dependent generalized K-matrix, obtained at any point r  from 
the amplitude ra t io ,  represents the cumulative e ffec t of the potentia l 
up to that po in t, and in the asymptotic l im i t ,  th is  ra t io  corresponds to 
the usual d e f in i t io n  of the reactance matrix
amplitudes h |2  ̂ and respective ly
HB(R) = A *  B"1 (4.14)
The a u x i l ia ry  matrices and have well behaved properties
because they bas ica l ly  represent the sine and cosine of the phase 
function , 5^(r;R), m u lt ip l ied  by an overall amplitude. The K-matrix
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elements on the other hand, which represent the tangent of the phase 
function, w i l l  have a pole whenever the phase function goes through an 
odd m u lt ip le  of tt/ 2, an event that may or may not occur, depending on 
the po ten t ia l.
Now, a s im ila r  expansion of the rad ia l solutions in the lab-frame 
and the matching of the variable phase amplitudes at the transformation 
point assumes that
Gi 1 )(kbr t ) ~ Gi 1 )<kv j r t> and Gi 2 )(kbr t } ~ Gi 2)(kv j r t } (4 ’ 15)
The cogent point to  notice in equation (4.12) and (4.13) is  the fac t 
tha t the solutions contain only in tegra ls  from 0 r ,  and not also 
r  *  °°. The use of NIEM then provides fo r  the workable procedure of 
s ta r t in g  the ca lcu la tions in body-frame at the coordinate o r ig in ,  
propagating the solutions out to the transformation po in t, performing 
the transformation to  the lab-frame and then continuing the propagation 
of the solutions up to an approximate i n f in i t y ,  where the H-matrices can 
be extracted-^. These can then be projected to th e ir  asymptotic values 
by a matrizant technique described by Smith and Henryk, whereby the 
reactance K-matrix can be obtained.
A few words about the choice of the transformation observable might
be in order at th is  po in t. Instead of the generalized K-matrix one
could apply the transformation on the scattering solutions and th e ir
deriva tives, or on the scattering solutions at two consecutive points,
f l l  (21or fo r  tha t matter, on the a u x i l ia ry  matrices Hv ' and H' ' .  The 
problem with the choice of the rad ia l scattering solutions as the 
transformation observable is that one would need th e ir  derivatives at
30
the transformation po in t, to properly i n i t i a l i z e  the sca tte ring  
solutions in the lab-frame. As shown in equation (4 .8 ), the deriva tives 
of the scattering so lutions are in t im a te ly  associated with the 
derivatives of the Green's functions which, at small values of r t , are 
very sensit ive  to  the mismatch of the exact kvj r ,  and approximate kbr ,  
phases of the free electron wave function . The H-matrices on the other 
hand, have the advantage of the well behaved properties of the sine and 
cosine functions as opposed to that of the K-matrix which has the 
properties of the tangent function. However, the price to  pay fo r  
choosing the H-matrices as the transformation observable, is the fac t 
tha t one has to include a re la t iv e ly  larger number of v ib ra t iona l states 
to get a reasonable convergence in the v ib ra t io n a l ly  averaged K-matrix, 
because the v ib ra t iona l averaging
<v1 |KB(R) | v> = z <v1 |H^1^ (r . ;R ) |v n> <v" I [ H ^  (r. ;R ) ]_11 v> 
v'i ~
(4.16)
would now require a p ra c t ic a l ly  complete set of v ib ra t iona l states to 
perform the summation over v" properly. The p rac tica l use of a 
truncated set w i l l  introduce an amount of asymmetry in the transformed 
K-matrix. The choice of the generalized K-matrix as the transformation 
observable eliminates any problems associated with asymmetry. However, 
care must be taken in the v ibra tiona l averaging of these K-matrices 
because of the presence of poles at large internuclear separations, 
where, the potentia l becomes wide and strong enough to trap the electron 
in a quasi-bound sta te . See Fig. 13. As a consequence of the wider and 
shallower po ten tia ls , the body-frame K-matrix elements associated with 
large internuclear separations evolve much fas te r than do the elements
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associated with the smaller R values, eventually resu lt ing  in the 
appearance of the poles. The evaluation of the v ib ra t iona l in tegra ls  in 
equation (2.32) is then carried out in several steps. F i r s t ,  the exact 
pos it ion  of the pole is determined. Next, a new mesh fo r  the evaluation 
of the in tegra l is  constructed, with the pole f a l l in g  at the center of 
two consecutive mesh points. Then, the in te rpo la tion  of the K-matrix 
elements is carried out by f i t t i n g  the resu lts  to a f i f t h -o rd e r  
polynomial. F in a l ly ,  the in tegra ls  are evaluated by a princ ipa l value 
in tegra tion  using the new set of mesh points.
To circumvent the problem of dealing with the poles in the K-matrix 
elements, one could obtain the generalized T-matrices from the 
generalized K-matrices at the transformation point r t . Next, one could 
transform the real and imaginary parts of the T-matrices, which do not 
have any poles on the real axis. F in a lly ,  one could extract the K- 
matrix from the transformed T-matrix to continue the propagation of the 
scattering solutions in the lab-frame. However, the same problems of 
asymmetry as in the case of the transformation of the a u x i l ia ry  H- 
matrices is encountered during the extraction of the K-matrix back from 
the transformed T-matrices.
(V) DISCUSSION OF RESULTS
A. Rotational Excitation Cross Sections
e-H2  c o l l is io n s ,  l ik e  e-N2  c o l l is io n s ,  are one of the most 
extensively studied scattering processes in molecular physics. As such, 
they serve as a tes t ing  ground fo r  theore t ica l models and 
approximations. The motivation in the choice of H2  as our target 
molecule, apart from i t s  s im p lc ity , was the fac t that the ro ta tiona l and 
v ib ra t io na l level spacings are the largest to be found in molecules. 
Ac tua lly , ro ta t iona l exc ita t ion  structures can be resolved only in the 
case of H2  with present-day electron sca tte ring  technology^. With 
experimental resolutions of about 10-18 meV, ro ta t iona l spacings in N2 
(~2 meV fo r  j=0->-2) remain unresolved, whereas the large ro ta tiona l (~44 
meV fo r  j=0+2) and v ib ra t iona l level spacings of H2  permit experimental 
measurements of v ib ra t io n a l ly  and ro ta t io n a l ly  resolved cross sections.
Figure 6 gives the integra l cross sections fo r  ro ta t iona l (j=0-2)
exc ita t ion  of H2  by electron impact in several approximations. The
so lid  l in e  represents the lab-frame close-coupling (LF/CC) resu lts . The
body-frame ro ta tiona l adiabatic-nucle i (BF/AN) re su lts ,  with and without
the inclusion of the kinematic fac to r k - . - / k , are given by the dash-
j  j 0
dotted and dashed l ine s , respective ly . The dotted l in e  represents the 
resu lts  obtained from the energy-modified adiabatic-nucle i (EM/AN) 
approximation. The open c irc le s  represent the experimental measurements 
from swarm data by Crompton et a l ^ .  The physical se tt ing  fo r  a swarm 
method comprises of a stream of electrons tha t enter a d if fu s ion  chamber 
and trave l through a gas under the influence of a uniform e le c t r ic  
f i e ld ,  undergoing m ult ip le  co l l is io n s  with the gas. This experimental
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method y ie lds  more accurate cross sections than the crossed-beam 
experiments at low energies, however, i t  becomes unreliab le  fo r  energies 
above about 0.5 eV, where the experimental uncerta in ties become larger 
than 30%. This u n r e l ia b i l i t y  is a consequence of the method used in the 
in te rp re ta t io n  of a swarm experiment, where the v a l id i t y  and consistency 
of theore t ica l cross sections - -  which are used as parameters in the 
Boltzmann e q u a t i o n ^  —  are checked by comparing experimentally measured 
and calculated transport properties. The introduction  of new 
v ib ra t io na l and additional ro ta t iona l states at higher energies renders 
the in te rp re ta t io n  of the experiment quite  ambiguious. I t  is apparent 
from Fig. 6 that the EM/AN approximation, even though an improvement 
over the BF/AN approximation, s t i l l  does not have the correct threshold 
behavior. This breakdown of the adiabatic-nucle i approximation near 
threshold is also apparent in the threshold behavior of the transformed 
body-frame K-matrix elements, which, as shown in equation (2.33), have 
quite a d if fe re n t  dependence on the incident wave number than the 
dependence of the lab-frame K-matrix elements. Figure 7(a) and 7(b) 
give the p-incoming and p-outgoing and the d-incoming and s-outgoing
waves of the j o=0 to  j=2 K-matrix elements ( i . e .  K ^  ^  ̂ = K ^  ^g
2 o o
and Kq2  respec t ive ly ) . The dashed l ines represent the transformed
body-frame K-matrix elements, and the so lid  l ines represent the lab-
frame K-matrix elements. These figures show the threshold behavior of
the K-matrix elements in basic agreement with the equations (2.34) and
(2.35).
Figure 8 presents the same ro ta tiona l (j=0-2) cross sections from 
another perspective. I t  gives the ra t io  of the cross sections obtained 
from the d i f fe re n t  approximations to those obtained from the LF/CC
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ca lcu la tions as a function of energy in threshold un its . In th is  case, 
the dotted l ine  represents the ra t io  of the EM/AN to the LF/CC cross 
sections, the dash-dotted and dashed l ines represent the ra t ios  of the 
BF/AN to the LF/CC cross sections, with and without the kinematic 
fa c to r ,  respective ly . At energies of about ten times the threshold, a ll  
approximations agree with the lab-frame resu lts  to w ith in  10%. However, 
as the energy decreases, i t  is  noticed that the BF/AN approximation 
without the kinematic fac to r breaks down much e a r l ie r  than the 
previously estim ated^ value of approximately twice the threshold. On 
the other hand, the resu lts  obtained from the BF/AN approximation with 
the inclusion of the kinematic fac to r seem to be in better agreement 
with the LF/CC resu lts  than are the EM/AN resu lts  at energies below 
twice the threshold. In th is  range of energies, the e ffe c t of the 
kinematic correction fac to r is obviously very large.
The ro ta t iona l e xc ita t ion  in electron-molecule sca tte ring  is a 
consequence of the torque of the f ie ld  of the scattering electron acting 
on the molecule. The anisotropic potentia l of the molecule is the 
primary rec ip ien t of th is  torque. In the absence of dipole moments in 
neutra l, nonpolar and homonuclear molecules, the dominant long-range 
anisotropic in te rac t ion  is the quadrupole term that goes as r “ ^ as r 
tends to i n f in i t y .  In one of the e a r l ie s t  theore t ica l ca lcu la tions of 
the ro ta tiona l exc ita t ion  cross sections of H2 , Gerjuoy and Ste in^9,40 
applied the Born approximation with the assumption that the quadrupole 
term in the expansion of the electron-molecule potentia l could be used 
throughout the electron t ra je c to ry .  Results from the Gerjuoy-Stein 
theory show a remarkable agreement with the experimental resu lts  fo r  
energies very close to  threshold. At higher energies however, the
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theore t ica l cross sections are smaller than the experimental values. 
This surpris ing re s u lt ,  contrary to  the general acceptance of the 
application of the Born approximation only at high energies, was 
explained in a careful study by C h a n g ^*^ .  ne demonstrated that the 
major con tr ibu tion  to the near-threshold cross sections comes from the 
outer region, and i t  resulted from the dominance of the d-incoming and 
s-outgoing waves. Whereas at s l ig h t ly  higher energies, the p-incoming 
and the p-outgoing waves very qu ick ly take over. Hence, i t  is not 
surpris ing that in the outer region, where the potentia l becomes much 
smaller than the k in e t ic  energy of the e lectron, the Born approximation 
becomes va lid . The adiabatic-nucle i approximation on the other hand, 
with i ts  basic assumption that the ro ta tiona l energy of the molecule is 
neg lig ib le  with respect to  the incident e lectron k in e t ic  energy,
d e f in i te ly  breaks down near threshold. However, i t  does much better 
than the Born approximation at higher energies.
Figures 9(a)-9(d) give the ra t io  of the frame-transformation
resu lts  to the lab-frame resu lts  as a function of the transformation
radius, r t , fo r  a sampling of energies. The ad iabatic-nucle i resu lts
are given by the open squares and are obtained in a body-frame
calcua lt ion  ( r t > 116 aQ), together with the kinematic correction fac to r
k,-/k,- . The dashed lines represent the simple frame-transformation 
j  j 0
approximation and the so lid  l ines give the energy-modified frame- 
transformation (EM/FT) ca lcu la tions. We note the de te r io ra tion  of the 
results  as the energy decreases towards the ro ta tiona l threshold (0.044 
eV), and the appearance of f luc tua t ions  about the LF/CC resu lts  in the 
case of the application of the simple FT approximation at the near­
threshold energies. The long range contr ibu tion  of the non-penetrating
J O
d-waves to the cross section at the near-threshold energies is apparent 
from the structure of the cross section ra t ios  with respect to  r t . 
These waves are kept in the outer region as a consequence of the 
centr ifuga l e f fe c t .  Consequently, the growth of the phase function of 
the incident electron s ta r ts  at larger values of r  fo r  increasing a and 
decreasing energy. The long wavelengths of the near-threshold energy 
electrons probe the outer reaches of the p o te n t ia l ,  whereas the higher 
energy electrons probe the inner region as w e ll. The higher the energy 
the fas te r the "plateau" (the point of independence from r t ) is
reached. On the other hand, the f lu c tu a t io ns  of the FT cross sections
about the LF/CC values vanish when the EM/FT is applied. However, the 
point beyond which the cross sections are independent of r t  is pushed 
fu r the r  out, because, the phase functions corresponding to each of 
the l  values have now been evaluated at s l ig h t ly  lower values of energy.
B. Ro-vibrational Excitation Cross Sections
The ab i n i t i o  s ta t ic  poten tia ls  fo r  each of the ten in ternuclear 
separations considered in th is  set of ca lcu la tions are obtained from the 
Fraga and Ransil wave functions fo r  the ground e lec tron ic  state
of H2 . Quadrupole moments extracted from these wave functions are
s l ig h t ly  larger than the most accurate values ava ilab le . For example,
2 2 we obtain 0.510 eaQ compared with 0.484 eaQ . The molecular o rb ita l
energies of the Fraga and Ransil wave functions, I ,  used in the Hara
free-electron-gas exchange potentia l are also generally larger than the
more accurate values. For example, I at the equ ilib r ium  in ternuclear
separation is  calculated to be 0.592 a.u. compared with the
experimentally determined ion iza tion  energy of 0.564 a .u .. Further, the
exchange e ffec ts  are not tuned by considering I to be a variable 
parameter, and a minimum of three v ibra tiona l states are included in 
the ca lcua lt ions. We should also mention tha t the energy-modified 
approximation is performed disregarding the ro ta t iona l energy level 
spacings - -  which is quite appropriate in these energy ranges - -  and by 
constructing the transformed K-matrix with each of i t s  v ib ra t iona l 
manifolds obtained using body-frame K-matrices evaluated at the properly 
modified energies.
Results from th is  set of calcu la tions y ie ld  near-threshold ro- 
v ib ra t iona l integrated cross sections which (1) show anomalous 
structures as the transformation radius is carried inside the molecular 
core region, w ith in  the v ibra tiona l amplitudes^, and which (2) need the 
conventional adiabatic-nucle i kinematic correction fac to r to  acquire the 
correct threshold behavior fo r  the pure body-frame ca lcu la tions.
Figure 10(a) and Figure 10(b) give the in tegra l cross sections fo r
ro ta tiona l (v=0-0; j =1-3) and fo r  ro -v ib ra t io na l ( v = 0 - l ; j= l-3 )
exc ita tions of H2  by electron impact, respective ly . Solid l ines
represent lab-frame close-coupling calcu la tions and the dashed lines
represent those in a body-frame adiabatic-nuclei approximation. For the
ro -v ib ra t iona l cross sections, the dash-dot curve depicts ca lcu la tions
in a body-frame adiabatic-nuclei approximation in which we include the
kinematic fac to r k-n/k.,  ̂ . Measurements of Linder and Schmidt^ are VJ v0j 0
given by open c irc le s .  The crossed-beam experiment of Linder and 
Schmidt provides fo r  the d irec t measurement of d i f fe re n t ia l  cross 
sections contrary to the ind irec t method used in a swarm experiment. 
The uncertainties in th is  class of experiments is mainly associated with 
the production of low energy monoenergetic pa ra l le l beam of electrons
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and a beam of monoenergetic gas ta rge t,  together with the detection of 
the scattered electrons at some f i n i t e  angular reso lu tion 1̂ .  
Uncertainties of about 20% at the lower energy end, and less than 10% at 
higher energies are estimated by Linder and Schmidt. The swarm and 
crossed-beam measurements thus cover complementary energy ranges. The 
ro ta tiona l cross sections obtained in both the body-frame and the lab- 
frame approximations in the energy range of 0.6 eV to 10 eV are in good 
agreement with experiment. In contrast, the ca lcu la tions are in poor 
agreement with measurements fo r  the ro -v ib ra t iona l cross sections. This 
is a consequence of the strong dependence of the po la r iza t ion  potentia ls  
on R which is poorly taken in to  account in the present ca lcu la t ion . 
Further, the exchange poten tia ls  have not been tuned in th is  
ca lcu la t ion . However, the poten tia ls  are adequate fo r  our present 
purpose which is to compare, w ith in  a consistent potentia l descrip tion , 
resu lts  obtained in a simple rad ia l FT approximation and in an energy- 
modified frame-transformation (EM/FT) approximation with those 
calculated in a lab-frame close-coupling approximation and in a body- 
frame adiabatic-nucle i approximation.
Figures l l ( a ) - l l ( d )  give the ra t io  of frame-transformation resu lts  
to the lab-frame resu lts  fo r  the J=2 p a r t ia l  ro -v ib ra t io na l cross 
sections as a function of transformation radius r t  fo r  a sampling of 
energies. This p a r t ia l  wave gives the dominant con tr ibu tion  to the 
cross section. The adiabatic-nuclei resu lts  are given by the open 
squares and are obtained in a body-frame ca lcu la tion  ( r t =12.0 aQ),
together with the kinematic correction fac to r kvj / k v j  these
energy ranges, the contr ibu tion  to the cross sections from the outer 
region r  > 12.0 is less than a few percent). The dashed l ines represent
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the simple FT approximation and the so lid  l ines give the EM/FT 
ca lcu la tions.
We again note the de te r io ra tion  of the resu lts  as the energy 
decreases towards the ro -v ib ra t iona l threshold (-0.59 eV), and the 
appearance of anomalous structures in the case of the application of the 
simple frame-transformation approximation inside the molecular core at 
low energies. The molecular core extends to  4.0 aQ. The structures are 
apparently a consequence of a breakdown of the FT theory. In 
p a r t ic u la r ,  the assumption that the Green's functions in the body-frame 
and the lab-frame are equal at r t  is  a poor approximation fo r  near­
threshold energies because of the strong dependence of the functions on 
energy fo r  small kr values. The ro -v ib ra t iona l cross sections are 
independent of r t  only outside the strong in te rac t ion  region, with the 
point of independence decreasing with increasing energies. Further, the 
small i r r e g u la r i t ie s  that are present in some of the f igures are due to 
numerical inaccuracies on in te rpo la tion  over poles in the K-matrix 
elements. The poles f i r s t  appear at large in ternuclear separations and 
gradually migrate to smaller R as the radial in tegra tion  over r  is 
carried out. (See Fig. 13).
Why does the EM/FT theory not show strong anomalous features? The 
only d ifference in the implementation of th is  approach from that of the 
simple FT approximation is in the in i t i a l i z a t io n  of the lab-frame K- 
matrix at the transformation po in t. The construction of the transformed 
K-matrix with each of i t s  v ib ra t iona l manifolds obtained using body- 
frame K-matrices evaluated at the appropriately modified energies 
apparently eliminates the d iscon tinu it ie s  associated with the d e f in i t io n  
of the body-frame wave number, k^. Even so, the EM/FT theory does not
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completely solve the problem in the sense that (1) i t  does not reproduce 
the lab-frame re su lts ,  (2) i t  does not have the correct threshold 
behavior, and (3) i t  does not re su lt  in cross sections which are 
independent of r t . Yet, near threshold, the ro -v ib ra t io na l cross 
sections obtained from the EM/FT theory are d e f in i te ly  in better 
agreement with the lab-frame close-coupling resu lts  than are the 
adiabatic-nucle i re su lts ,  as shown in Fig. 12. At energies larger than 
about ten threshold un its , a l l  approximations bas ica lly  agree to w ith in  
10%. The better agreements with the LF/CC resu lts  obtained in the case 
of EM/AN approximation and in the case of the BF/AN approximation (with 
the kinematic fac to r included) at about four to f iv e  threshold units is 
a consequence of the poor dependence of the po la r iza t ion  and exchange 
e ffec ts  on R. However, the crossing of the curves at the high energy 
end is a consequence of the posit ion of the wide resonance of Fig. 10(b) 
at about 3.0 eV ( f iv e  threshold u n its ) .  As the energy decreases from
10.0 eV to 3.0 eV, the cross section r ises . Hence, an energy-modified 
ca lcu la t ion  at a given energy w i l l  y ie ld  cross sections which are 
s l ig h t ly  la rger, because, the ca lcu la tions are actua lly  being performed 
at s l ig h t ly  lower energies.
( V I )  CONCLUDING REMARKS
As expected, the frame-transformation approximation with the 
transformation radius larger than the molecular core radius and with 
r e la t iv e ly  high inc ident electron energies y ie lds cross sections that 
are in good agreement with our benchmark lab-frame close-coupling 
ca lcu la t ions . Plus, the cross sections are la rge ly  independent of r t . 
However, as the theory is pushed to the l im i ts  of i t s  a p p l ic a b i l i t y  — 
energies close to exc ita t ion  thresholds and a transformation radius less 
than the radius of the molecular core — there is an obvious breakdown 
in the theory.
The p r inc ipa l re su lt  of the present study is the demonstration that 
the f lu c tu a t io ns  about the lab-frame close-coupling values and the 
anomalous structures observed in the simple application of the standard 
radial frame-transformation inside the molecular core region and in the 
near-threshold energy regimes, vanish when the energy-modified frame- 
transformation theory is applied. The im plica tion  is that the root 
cause of the problem with the application of the standard frame- 
transformation theory under such conditions l ie s  in the i l l - d e f i n i t i o n  
of the body-frame wave number with respect to the well-defined lab-frame 
channel wave numbers. Results presented here show that the usefulness 
of the frame-transformation theory in the near-threshold energy regime 
is l im ite d , in the same sense as is the adiabatic-nucle i theory. Also, 
the absence of a s t r i c t  c r i te r io n  fo r  the se lection of the
transformation radius introduces an element of uncertainty in i t s
app lica tion . Further, an energy modification of the frame- 
transformation theory leads to a considerable improvement of the
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resu lts ,  but th is  advantage is o ffse t by the numerical in e f f ic ie n cy  of 
the method, spec ia lly  in the case of i t s  application to a r e s t r ic t iv e  
number of ro ta t iona l exc ita t ions . However, fo r  large molecules, where 
the ro ta tiona l and v ib ra t iona l level spacings are much smaller, and 
where because of the small spacings the defic ienc ies are not as 
amplified as in the case of hydrogen molecules, the s p i r i t  of the 
energy-modified approximation can be a v iable tool i f  applied to 
v ib ra t iona l manifolds only, with a minimum of extra e f fo r t .
While refinements are required p a r t ic u la r ly  in the implementation 
of the po la r iza t ion  and exchange poten tia ls  fo r  a be tte r comparison with 
the experimental resu lts  of the ro -v ib ra t io n a l exc ita t ions , these 
refinements should in no way a ffec t the q u a l i ta t iv e  and quan tita t ive  
nature of our conclusions.
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TABLE I
<v | otQ | v 1 > <v I cx̂  | v ' > <v | Q | v ' >
( ao> la 03 ) ( eao2)
0 0 5.414 1.356 0.540
0 1 0.738 0.404 0.096
0 2 -0.072 -0.011 -0.009
1 1 5.883 1.658 0.601
1 2 1.070 0.619 0.141
2 2 6.373 1.998 0.666
Long-range potentia l parameters averaged over internuciear distance.
47
TABLE I I
(J=1); 4 = M '= 1 (0=2); £=2,£'=0
E(eV) LAB BODY LAB BODY
0.044 - 0 .730(-3) -0.450(-2) 0 .180(-2) 0 .107(-2)
0.050 -0.120(-2) -0.468(-2) 0.202(-2) 0.110(-2)
0.065 -0.292(-2) -0.550(-2) 0 .232(-2) 0.124(-2)
0.080 -0 .413(-2) -0.629(-2) 0.240(-2) 0.136(-2)
0.10 -0.546(-2) -0.731(-2) 0.244(-2) 0.153(-2)
0.20 -0.106(-1) - 0 .120(-1) 0.280(-2) 0.217(-2)
0.50 -0 .2 4 3 (- l) -0 .2 6 4 (- l) 0.390(-2) 0.345(-2)
1.00 -0 .5 2 8 (- l ) -0 .543(- l) 0.533(-2) 0.485(-2)
Lab-frame and transformed body-frame ( j  =0->-2) K-matrix elements.
[(-1) = nr1].
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TABLE I I I
a(j=0+2) ira^
E(eV) LF/CC BF/AN1 BF/AN2 EM/AN
0.047 0.020 0.092 0.024 0.044
0.050 0.027 0.094 0.033 0.047
0.065 0.045 0.097 0.055 0.059
0.080 0.057 0.101 0.068 0.068
0.10 0.069 0.108 0.081 0.079
0.20 0.111 0.139 0.123 0.118
0.50 0.224 0.247 0.236 0.228
1.00 0.461 0.485 0.474 0.467
p p i
e-Ho ro ta t io na l e xc ita t ion  cross sections in rca . BF/AN11 and BF/AN1 are £ o
the ad iabatic-nucle i resu lts  with and without the kinematic fac to r
k-j/k.- , respective ly . The threshold fo r  th is  e xc ita t ion  is  0.044 eV. 
j  j 0
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TABLE IV
a(v-O-K); j= l* 3 )  ira^
E(eV) LF/CC BF/AN1 BF/AN'
0.6 0.212 0.290 0.272
1.0 0.415 0.480 0.462
1.5 0.746 0.772 0.753
2.0 1.027 1.050 1.030
3.0 1.242 1.300 1.284
3.5 1.302 1.340 1.320
4.5 1.324 1.328 1.317
6.0 1.224 1.209 1.202
10.0 0.876 0.869 0.866
2 9e-H2 ro ta tiona l exc ita t ion  cross sections in ira0. BF/AN^ are the
ca lcu la tions with and without the kinematic fac to r kvj / k vj  ,


































e- ^ 2  ro -v ib ra t iona l exc ita tion  cross sections in ira0. BF/AN^ and BF/AN1 
are the adiabatic-nucle i resu lts  with and without the kinematic fac to r 




E(eV) 0.05 0.1 0.2 0.5
r t (a .u . ) 
0.0 0.027 0.069 0.111 0.224
0.5 0.029 0.069 0.111 0.222
1.0 0.026 0.073 0.122 0.220
2.0 0.033 0.074 0.120 0.228
4.0 0.024 0.076 0.121 0.231
8.2 0.028 0.081 0.127 0.241
12.0 0.032 0.086 0.133 0.246
20.0 0.046 0.099 0.140 0.249
52.0 0.093 0.100 0.138 0.248
116.0 0.094 0.104 0.139 0.248
212.0 0.095 0.105
ro ta tiona l exc ita t ion cross sections using the si m|
approximation.
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0.05 0.1 0.2 0.5
0.0 0.0266 0.0687 0.111 0.224
0.5 0.0266 0.0687 0.110 0.223
1.0 0.0268 0.0689 0.112 0.223
2.0 0.0271 0.0696 0.112 0.224
4.0 0.0274 0.0702 0.113 0.225
8.2 0.0276 0.0706 0.114 0.225
12.0 0.0279 0.0708 0.114 0.227
20.0 0.0288 0.0713 0.114 0.229
52.0 0.0334 0.0741 0.116 0.228
116.0 0.0439 0.0786 0.117 0.228
212.0 0.0445 0.0792 0.118
e- ^ 2  ro ta t iona l exc ita t ion  cross sections using the EM/FT approximation.
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TABLE V I I I
ff(v=0+l; j =l-*-3) ira  ̂0
E(eV) 1.0 1.5 3.5 4.5 10.0
r t (a.u)
0.0 0.027 0.135 0.304 0.250 0.089
0.5 0.030 0.146 0.302 0.232 0.088
1.0 0.080 0.220 0.226 0.221 0.084
1.5 1.83 0.208 0.231 0.234 0.089
2.0 1.00 0.162 0.291 0.282 0.093
2.4 0.393 0.125 0.279 0.279 0.099
3.2 0.249 0.215 0.441 0.314 0.098
4.0 0.202 0.323 0.366 0.298 0.098
8.2 0.189 0.285 0.352 0.291 0.096
12.0 0.158 0.280 0.350 0.290 0.096




a(v=0->-l; j =1 -*-3)
E(eV)
r t (a.u)
1.0 1.5 3.5 4.5 10.0
0.0 0.027 0.135 0.304 0.250 0.089
0.5 0.026 0.136 0.303 0.248 0.088
1.0 0.030 0.166 0.290 0.239 0.087
1.5 0.036 0.202 0.294 0.246 0.092
2.0 0.040 0.226 0.294 0.261 0.097
2.4 0.045 0.250 0.317 0.276 0.107
3.2 0.057 0.246 0.387 0.311 0.103
4.0 0.062 0.217 0.354 0.287 0.101
8.2 0.070 0.193 0.333 0.273 0.099
12.0 0.075 0.190 0.329 0.272 0.096









P a r t i t io n in g  of the electron configura tion  space.
Orientation of the molecule f ixed  body-frame in the space 
fixed  lab-frame coordinates.
Energy levels fo r  State of Hg.
S ta t ic  multipo le  expansion co e ff ic ien ts  v^(r;R) fo r  a few 
in ternuc lear separations. (a) Iso trop ic  co e ff ic ien ts
v0(r;R) and (b) anisotropic co e ff ic ie n ts  v g ^ jR ) -
. S ta t ic  m ultipo le  expansion co e ff ic ie n ts  averaged over 
i n i t i a l  v and f in a l  v 1 v ib ra t iona l states. Curves (A) v=0, 
v 1 =0; (B) v=0, v ’ =1 ; (C) v= l, v ' =1 ; (0) v=0, v'=2 ; (E) 
v= l, v'=2 ; (F) v=2, v 1 =2. (a) iso trop ic  part
< V | v f ( r ; R ) |  v> and (b) anisotropic part <v11 v ^ r j R )  | v>
Rotational exc ita t ion  cross sections ( j =0-2). The so lid
l in e  corresponds to the LF/CC re su lts .  The dash-dotted and
dashed l ines correspond to the BF/AN approximation with and
without the kinematic fac to r k j / k n- , respective ly . The
j  j 0
dotted l in e  corresponds to the EM/AN approximation, and the 




Figure 7. Near-threshold dependence of the (j=0-2) K-matrix elements
fo r  (a) p-incoming and p-outgoing (K ^  -̂ q) and (b) d- 
incoming and s-outgoing (Kq^ £q) waves. Solid l ines
represent the lab-frame K-matrix elements, and the dashed 
l ines represent the transformed body-frame K-matrix 
elements.
Figure 8. Ratio of ro ta t iona l (j=0-2) cross sections as a function of
incident energy in threshold un its .  The dotted l ine
represents the ra t io  of EM/AN to LF/CC values. The dashed
l ine  represents the ra t io  of BF/AN to LF/CC values without
the kinematic fa c to r  k.Vk^ , and the dash-dotted l in e
j  j 0
represents the ra t io  of BF/AN to  LF/CC values with the 
inc lus ion of the kinematic fa c to r .
Figure 9. Ratio of the frame-transformation approximation resu lts  to
that of the LF/CC resu lts  fo r  the (j=0-2) cross sections.
Solid curves correspond to the EM/FT approximation and the
dashed curves correspond to  the simple FT approximation.
Open squares denote the BF/AN resu lts  with the inclusion of
the kinematic fac to r k^/k^ .
j  j 0
Figure 10. (a) Rotational exc ita tion  cross section (v=0-0 ;j= l-3 )  and
(b) ro -v ib ra t io na l exc ita t ion  cross sections ( v = 0 - l ; j= l - 3 ). 
The so lid  l ine  corresponds to the LF/CC re su lts .  The dash- 
dotted and dashed lines correspond to the BF/AN
57
approximation with and without the kinematic
fac to r k ./k . , respective ly . The open c irc le s  denote
J oJo
experimental resu lts  of Linder and Schmidt (Ref. 43).
Figure 11. Ratio of the frame-transformation approximation resu lts  to
tha t of the lab-frame close-coupling resu lts  fo r  the J=2
p a rt ia l  ro -v ib ra t iona l ( v = 0 - l ; j=1-3) cross sections. Solid
curves correspond to the EM/FT appproximation and the dashed
curves correspond to the simple FT approximation. Open
squares denote the body-frame adiabatic-nucle i resu lts  with
the inclusion of the kinematic fa c to r  ku i /k.. .
J voJo
Figure 12. Ratio of ro -v ib ra t iona l ( v = 0 - l ; j=1-3) cross sections as a 
function of incident energy in threshold un its . The dotted 
l in e  represents the ra t io  of EM/AN to  LF/CC values. The 
dashed l in e  represents the ra t io  of BF/AN to LF/CC values 
without the kinematic fac to r kv i /k i , and the dash-dottedVJ V0v'0
l ine  represents the ra t io  of BF/AN to LF/CC values with the 
inclusion of the kinematic fa c to r .
Figure 13. Evolution of the body-frame K-matrix elements as a function 
of r t .
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j = ROTATIONAL QUANTUM NUMBER  
V = V I BRATI ONAL QUANTUM NUMBER 
Dq = DISSOCIATION ENERGY  
De = BINDING ENERGY
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